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Nonommutative solitons and instantons
∗
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†
Departamento de Físia, Universidad Na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Comisión de Investigaiones Cientías, Buenos Aires
C.C. 67 1900 La Plata, Argentina
I review in this talk dierent approahes to the onstrution of vortex and instanton solutions in
nonommutative eld theories.
INTRODUCTION
The development of Nonommutative Quantum Field
Theories has a long story that starts with Heisenberg
observation (in a letter he wrote to Peierls in the late
1930 [1℄) on the possibility of introduing unertainty re-
lations for oordinates, as a way to avoid singularities
of the eletron self-energy. Peierls eventually made use
of these ideas in work related to the Landau level prob-
lem. Heisenberg also ommented on this posibility to
Pauli who, in turn, involved Oppenheimer in the dis-
ussion [2℄. It was nally Hartland Snyder, an student
of Openheimer, who published the rst paper on Quan-
tized Spae Time [3℄. Almost immediately C.N. Yang
reated to this paper publishing a letter to the Editor of
the Physial Review [4℄ where he extended Snyder treat-
ment to the ase of urved spae (in partiular de Sitter
spae). In 1948 Moyal addressed to the problem using
Wigner phase-spae distribution funtions and he intro-
dued what is now known as the Moyal star produt, a
nonommutative assoiative produt, in order to disuss
the mathematial struture of quantum mehanis [5℄.
The ontemporary suess of the renormalization pro-
gram shadowed these ideas for a while. But mathemati-
ians, Connes and ollaborators in partiular, made im-
portant advanes in the 1980, in a eld today known as
nonommutative geometry [6℄. The physial appliations
of these ideas were mainly entered in problems related to
the standard model until Connes, Douglas and Shwartz
observed that nonommutative geometry arises as a pos-
sible senario for ertain low energy limits of string the-
ory and M-theory [7℄. Afterwards, Seiberg and Witten
[8℄ identied limits in whih the entire string dynamis
an be desribed in terms of nonommutative (Moyal de-
formed) Yang-Mills theory. Sine then, 1300 papers (not
inluding the present one) appeared in the arXiv dealing
with dierent appliations of nonommutative theories in
physial problems.
Many of these reent developments, inluding Seiberg-
Witten work, were triggered in part by the onstrution
of nonommutative instantons [9℄ and solitons [10℄, solu-
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tions to the lassial equations of motion or BPS equa-
tions of nonommutative theories. The present talk deals,
preisely, with the onstrution of vortex solutions for
the nonommutative version of the Abelian Higgs model
and of instanton solutions for nonommutative Yang-
Mills theory. It overs work done in ollaboration with
D.H. Correa, G.S. Lozano, E.F. Moreno and M.J. Ro-
dríguez.
The plan of the talk is the following. In the next se-
tion I desribe the onstrution of nonommutative eld
theories using the Moyal star produt and how this an be
onneted, in the ase of even dimensional spaes, with a
Fok spae formulation. The approah will allow to turn
the more involved non-linear equations of motion (or BPS
equations) in nonommutative spae into algebrai equa-
tions whih are simpler to analyze. The appliation of
this tehnique to the onstrution of vortex solutions in
the nonommutative Abelian Higgs model is presented
and nally, in the last setion, instanton solutions to the
self-dual equation for a U(2) nonommutative gauge the-
ory are disussed.
THE CONNECTION BETWEEN MOYAL
PRODUCT OF FIELDS AND OPERATOR
PRODUCT IN FOCK SPACE
Let us all xµ, µ = 1, 2, ...d the oordinates of d-
dimensional spae-time. Given φ(x) and χ(x), two or-
dinary funtions in Rd, their Moyal produt is dened as
[5℄
φ(x) ∗ χ(x) = exp
(
i
2
θµν∂
µ
x∂
ν
y
)
φ(x)χ(y)
∣∣∣∣
y=x
= φ(x)χ(x) +
i
2
θµν∂
µφ(x)∂νχ(x)
−1
8
θµαθνβ∂µ∂αφ(x)∂ν∂βχ(x) + . . .(1)
with θµν a onstant antisymmetri matrix of rank 2r ≤ d
and dimensions of (length)2. One an easily see that (1)
denes a nonommutative but assoiative produt,
φ(x) ∗ (χ(x) ∗ η(x)) = (φ(x) ∗ χ(x)) ∗ η(x) (2)
Under ertain onditions, integration over Rd of Moyal
produts has all the properties of the the trae (Tr) in
2matrix alulus,
∫
dxφ(x) ∗ χ(x) =
∫
dxχ(x) ∗ φ(x) =
∫
dxφ(x)χ(x)
(3)
Indeed, identity (3) holds when derivatives of elds van-
ish suiently rapidly at innity, sine
φ(x) ∗ χ(x) = φ(x)χ(x) + i
2
θµν∂
µφ(x)∂νχ(x) −
1
8
θµαθνβ∂µ∂αφ(x)∂ν∂βχ(x) + . . .
= φ(x)χ(x) + ∂µΛµ
One has also in this ase yli property of the star prod-
ut,∫
dxφ(x) ∗ χ(x) ∗ ψ(x) =
∫
dxψ(x) ∗ χ(x) ∗ φ(x) (4)
Finally, Leibnitz rule holds
∂µ (φ(x) ∗ χ(x)) = ∂µφ(x) ∗ χ(x) + φ(x) ∗ ∂µχ(x) (5)
The ∗-ommutator, denoted with [ , ],
[φ, χ] = φ(x) ∗ χ(x)− χ(x) ∗ φ(x) (6)
is usually alled a Moyal braket. If one onsiders the
ase in whih φ and χ orrespond to spae-time oordi-
nates xµ and xν , one has, from eq.(1),
[xµ, xν ] = iθµν (7)
This justies the terminology nonommutative spae-
time although in the Moyal produt approah to non-
ommutative eld theories one takes spae as the ordi-
nary one and it is through the star multipliation of elds
that nonommutativity enters into play. For example,
the ation for a massive self-interating salar eld takes,
in the nonommutative ase, the form
S =
∫
d4x
(
∂µφ ∗ ∂µφ− m
2
2
φ ∗ φ− λ
4!
φ ∗ φ ∗ φ ∗ φ
)
(8)
Note that due to eq.(3), the quadrati part of the a-
tion oinides with the ordinary one (and hene Feyn-
man propagators are the same for ommutative and non-
ommutative theories). It is through interations that
dierenes arise.
We are interested in oupling salars to gauge elds.
Given a gauge onnetion Aµ and a gauge group element
g ∈ G, the gauge onnetion should transform, under a
gauge rotation as
Agµ(x) = g(x) ∗Aµ(x) ∗ g−1(x) +
i
e
g−1(x) ∗ ∂µg(x) (9)
Note that even in the U(1) ase, due to nonommutative
multipliation, the seond term in the r.h.s. has to be
present in order to have a onsistent denition of the
urvature. Also, the expression for g(x) as an exponential
should be understood as
g(x) = exp∗(iǫ(x)) ≡ 1 + iǫ(x)−
1
2
ǫ(x) ∗ ǫ(x) + . . . (10)
Aordingly, even in the U(1) ase the urvature Fµν
neessarily implies a gauge eld ommutator,
Fµν = ∂µAν − ∂νAµ − ie (Aµ ∗Aν −Aν ∗Aµ) (11)
and then, as it happens for non Abelian gauge theories
in ordinary spae, the eld strength Fµν is not gauge
invariant but gauge ovariant,
Fµν → g−1 ∗ Fµν ∗ g (12)
However, due to the trae property of the integral, the
Maxwell ation is gauge invariant,
S =
1
4
∫
d4xFµν ∗ Fµν (13)
As for matter elds, one an write
Dfµφ = ∂µ + iAµ ∗ φ “fundamental”
but also
Df¯µφ = ∂µ− iφ ∗Aµ “anti− fundamental”
Dadµ φ = ∂µφ− ie(Aµ ∗ φ− φ ∗Aµ) “adjoint”
(14)
Extending non-Abelian gauge theories with generators
ta to the nonommutative ase is problemati. Consider
for example the ase of G = SU(N). In the ommutative
ase one has
[Aµ, Aν ] = A
a
µA
b
νt
atb −AbνAaµtbta
= AaµA
b
ν
(
tatb − tbta)︸ ︷︷ ︸
fabctc
(15)
so that the ommutator, and a fortiori the eld strength,
take values, as the gauge eld itself, in the Lie algebra
of the gauge group. In ontrast, in the nonommutative
ase the presene of the star produt prevents to arrange
the ommutator as above,
[Aµ, Aν ] = A
a
µ ∗Abνtatb −Abν ∗Aaµtbta
Using
tatb = 2ifabct
c +
2
N
δabI + 2dabct
c
(16)
we see that
Fµν =
(1)F aµν t
a +(2)FµνI (17)
and hene Fµν 6∈ SU(N ). One should instead hoose
U(N) as gauge group sine, in that ase, no problem of
this kind arises.
3NONCOMMUTATIVE SOLITONS
In order to understand the diulties and rihness one
enounters when searhing for nonommutative solitons,
let us disregard the kineti energy term in ation (8) and
just onsider the salar potential,
V [φ ∗ φ] = 1
2
m2φ ∗ φ− λ
4
φ ∗ φ ∗ φ ∗ φ (18)
The equation for its extrema is
m2φ− λφ ∗ φ ∗ φ = 0 (19)
or, with the shift φ→ (m/√λ)φ,
φ(x) ∗ φ(x) ∗ φ(x) = φ(x) (20)
To nd a solution, onsider a funtion φ0(x) suh that
φ0(x) ∗ φ0(x) = φ0(x) (21)
whih evidently satises (20). Although simpler than
(20), (21) implies, through Moyal star produts, deriva-
tives of all orders as it was the ase for the original equa-
tion. Only some solutions an be found straightforwardly
or with some little work. For example, in d = 2 dimen-
sions one nds
φ0 = 0
φ0 = 1
φ0 =
2√
θ
exp
(−~x2/θ) −−→
θ→0 δ
(2)(x) (22)
Already a solution like (22) shows that nontrivial regular
solutions, whih were exluded in the ommutative spae
due to Derrik theorem, an be found in nonommutative
spae. The the reason for this is lear: the presene of the
parameter θ arrying dimensions of length2, prevents the
Derrik saling analysis leading to the negative results in
ordinary spae.
Finding more general solutions needs new angles of at-
tak. A very fruitful approah was developed in [10℄ by
exploiting an isomorphism between the algebra of fun-
tions with the nonommutative Moyal produt and the
algebra of operators on some Hilbert spae. We shall de-
sribe this proedure below in a simple two-dimensional
example (but any even dimensional spae an be treated
identially).
We then start with two-dimensional spae with om-
plex oordinates
z =
1√
2
(x1 + ix2) , z¯ =
1√
2
(x1 − ix2) (23)
Changing the oordinate normalization,
aˆ =
1√
2θ
(x1 + ix2) , aˆ† =
1√
2θ
(x1 − ix2) (24)
one ends with nonommutative oordinates satisfying
[x1, x2] = iθ −→ [aˆ, aˆ†] = 1 (25)
Then aˆ and aˆ† satisfy the algebra of annihilation and
reation operators. One then onsiders a Fok spae with
a basis |n〉 provided by the eigenfuntions of the number
operator N ,
Nˆ = aˆ†aˆ Nˆ |n〉 = n|n〉 (26)
Note that one an establish a onnetion between n and
the radial variable,
Nˆ = aˆ†aˆ ≈ 1
2θ
(x2 + y2) =
r2
2θ
, θ → 0 (27)
Conguration spae at innity then orresponds to n→
∞ in Fok spae. Now, it is very easy to write projetors
Pn in Fok spae,
Pn = |n〉〈n| , P 2n = 1 (28)
so that
P 3n = Pn (29)
whih is nothing but the onguration spae equation
(20) for the minimum of the potential, but written in
Fok spae. So, we an say that we know a solution to
(20) in operator form,
Oφ = |n〉〈n| (30)
Now, how does one pass from this solution in Fok spae
to the orresponding solution in onguration spae?
The answer is to use the Weyl onnetion whih an be
summarized as follows: given a eld φ(z, z¯) in ongura-
tion spae, take its Fourier transform
φ˜(k, k¯) =
∫
d2zφ(z, z¯) exp
(
i
θ
(k¯z + kz¯)
)
(31)
with variables dened as before,
z =
1√
2
(
x1 + ix2
)
k =
1√
2
(
k1 + ik2
)
(32)
From it, dene the assoiated operator
Oφ(a, a
†) =
1
4π2θ
∫
d2kφ˜(k, k¯) exp
(−ik¯a+ ka†) (33)
Then, one an prove that
OφOχ︸ ︷︷ ︸
operator product
= Oφ ∗ χ︸ ︷︷ ︸
∗ product
(34)
Hene, the ompliated star produt of elds in ongu-
ration spae beomes just a simple operator produt in
Fok spae. As an example of how this onnetion an be
4used, onsider the expression for Pn (that an be found
in any textbook on seond quantization)
|n〉〈n| =: 1
m!
a†n exp(−a†a)an : (35)
(Here  : : means normal ordering) Then, Weyl onne-
tion implies
:
1
m!
a†n exp(−a†a)an :
=
∫
d2k
4π2
φ˜n0 (k¯, k) : e
−i(kz¯a+kza†) :
or, anti-transforming (and using Rodrigues formula)
φ˜n0 (k¯, k) = 2π exp(−k2/2)Ln(k2/2) (36)
where Ln is the Laguerre polynomial of order n. Finally,
Fourier transforming this expression, one an write in
onguration spae
φn0 (z¯, z) = 2(−1)n exp
( z¯z
θ
)
Ln
(
2z¯z
θ
)
(37)
In this way, any operator solution in Fok spae an be
onneted with the orresponding solution in ongura-
tion spae where elds are multiplied using the star prod-
ut. In partiular, a general solution for the minimum of
the potential equation
φ(~x) = φ(~x) ∗ φ(~x) ∗ φ(~x) (38)
in d = 2 spae is then,
in Fock space : Pφ =
∑
λn|n〉〈n|
in configuration space : φ =
∑
λnφ
n
0 (~x)
(39)
with λn = 0,±1 and φn0 given by (37).
Now, we want more than solving equations for the ex-
trema of potentials. We then have to be able to write
kineti energy terms in Fok spae. To this end, observe
that
[a†, an] = −nan−1 (40)
We then see that we an identify
∂f
∂a
= −[a†, f(a)] (41)
so that derivatives of elds φ beome, in operator lan-
guage,
∂zφ→ − 1√
θ
[a†, Oφ] , ∂z¯φ→ 1√
θ
[a,Oφ] (42)
and the Lagrangian assoiated to ation (8) an be writ-
ten in the form
L =
1
2
(
[a,Oφ]
2 + [a†, Oφ]2
)− m2
2
O2φ +
λ
4
O4φ (43)
A last useful formula for the onnetion relates integra-
tion in onguration spae with trae of operators in Fok
spae: ∫
dxdyφ(x, y) ⇒ 2πθTrOφ (44)
From here on we shall abandon the notation Oφ for op-
erators and just write φ both in onguration and Fok
spae.
NONCOMMUTATIVE VORTICES
The nonommutative version of the Abelian Higgs La-
grangian (in the fundamental representation) reads
L = −1
4
Fµν ∗ Fµν +Dµφ ∗Dµφ− λ
4
(φ ∗ φ¯− η2)2 (45)
Let us briey review how vortex solutions were found in
suh a model in ordinary spae [11℄-[13℄. The energy for
stati, z-independent ongurations is, for the ommuta-
tive version of the theory,
E =
1
2
F 2ij +DiφDiφ+
λ
4
(|φ|2 − η2)2 (46)
Here i = 1, 2 so one an onsider the model in two di-
mensional Eulidean spae with
Diφ = ∂i − iAiφ , φ = φ1 + iφ2 (47)
The Nielsen-Olesen strategy to nd topologially non
trivial regular solutions to the equations of motion of
this model in ordinary spae an be summarized in the
following steps going from the trivial to the vortex solu-
tion:
1. Trivial solution
|φ| = η , Ai = 0 (48)
2. Topologially non-trivial but singular solution
(uxon)
φ = η exp(inϕ) , Ai = n∂iϕ (49)
with ∫
d2xεijFij = 2πn (50)
but
εijFij = 2πnδ
(2)(x) (51)
3. Regular Nielsen-Olesen vortex solution
φ = f(r) exp(inϕ) , Ai = a(r)∂iϕ (52)
with boundary onditions:
f(0) = a(0) = 0 , f(∞) = η , a(∞) = n (53)
54. Bogomol'nyi bound
if λ = 2 , E ≥ 2πn (54)
whenever the following rst order Bogomol'nyi
equations hold
Fzz¯ = η
2 − φ¯φ −Fzz¯ = η2 − φ¯φ
Dz¯φ = 0 Dzφ = 0
Selfdual Antiselfdual (55)
Exat solutions of these equations an be easily on-
struted. Let us desribe as an example the nonom-
mutative selfdual ase. One just opies the ommuta-
tive strategy, starting from the trivial solution that we
found in terms of projetors
|φ| = η︸ ︷︷ ︸
trivial
⇒ φ = η
∑
fm︸︷︷︸
0,±1
|m〉〈m|
|φ| = η exp(iϕ)︸ ︷︷ ︸
singular
= η
z
|z| ⇒ φ = η
∑
fm|m〉〈m|aˆ
|φ|=f(r) exp(iϕ)︸ ︷︷ ︸
regular
=f
z
|z| ⇒ φ =
∑
f¯m|m〉〈m|aˆ
(56)
Note that in the seond and third lines we have used
the identiation z → (1/√θ)aˆ. The dierene between
these two formulæis that in the seond the oeients are
fm = ±1 while in the third one the fm¯ should be adjusted
using the eqs. of motion and boundary onditions.
Of ourse (56) should be aompanied by a onsistent
ansatz for the gauge eld,
Aˆz =
∑
e¯naˆ
†|m〉〈m| (57)
Dierential equations (eqs. of motion or Bogomol'nyi
eqs.) beome algebrai reurrene relations whih an be
easily solved. For example, in the selfdual ase one has
from Bogomol'nyi equations√
(n+ 2)(fn+1 − fn)− enfn+1 = 0
2
√
(n+ 1)en−1 − e2n−1 − 2
√
(n+ 2)en − e2n
= −θη2(f2n − 1)
The appropriate ondition at innity (|z| → ∞) was, in
onguration spae f(|z|) → 1. It translates to fn → 1
for n→∞. Then, using f0 as a shooting parameter, one
determines f1, f2, . . . and from them one omputes the
magneti eld, the ux, the energy, from the expressions
B(r) = 2η2
∞∑
n=0
(−1)n (1− f2n) exp
(
−r
2
θ
)
Ln(
2r2
θ
)
Φ = 2πθTrBˆ = 2π
E = 2πη2 (58)
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FIG. 1: Magneti eld of a self-dual vortex as a funtion
of the radial oordinate (in units of η) for dierent values of
the antiommuting parameter θ (in units of η2). The urve
for θ = 0 oinides with that of the Nielsen-Olesen vortex in
ordinary spae.
For small θ one re-obtains the Nielsen-Olesen regular vor-
tex solution. Exploring the whole range of θη2, the di-
mensionless parameter governing nonommutativity, one
nds that the vortex solution with +1 units of magneti
ux exists in all the θ range. As an example, we show
in Figure 1 the magneti eld of a self-dual vortex with
N = 1 units of magneti ux, for dierent values of θ.
We see that the solution approahes smoothly the om-
mutative (θ = 0) limit.
In the ommutative ase, anti-selfdual solutions an be
trivially obtained from selfdual ones by making B → −B,
φ → φ¯. Now, the presene of the nonommutative pa-
rameter θ, breaks parity and the moduli spae for pos-
itive and negative magneti ux vorties diers drasti-
ally. One has then to arefully study this issue in all
regimes, not only for λ = λBPS but also for λ 6= λBPS ,
when Bogomol'nyi equations do not hold and the se-
ond order equations of motion should be analyzed. A
summary of results whih are obtained is (see details in
([18℄,[19℄,[22℄):
• Positive ux
1. There are BPS and non-BPS solutions in the
whole range of η2θ. Their energy and mag-
neti ux are:
For BPS solutions
EBPS = 2πη
2N , Φ = 2πN
N = 1, 2, . . . (59)
6For non-BPS solutions,
Enon−BPS > 2πη2N , Φ = 2πN
N = 1, 2, . . . (60)
2. For η2θ → 0 solutions beome, smoothly, the
known regular solutions of the ommutative
ase.
3. In the non-BPS ase, the energy of an N = 2
vortex ompared to that of twoN = 1 vorties
is a funtion of θ.
As in the ommutative ase, if one ompares the
energy of an N = 2 vortex to that of two N = 1
vorties as a funtion of λ one nds that for λ >
λBPS N > 1 vorties are unstable (vorties repel)
while for λ < λBPS they attrat.
• Negative ux
1. BPS solutions only exist in a nite range:
0 ≤ η2θ ≤ 1
Their energy and magneti ux are:
EBPS = 2πη
2N , Φ = 2πN
N = 1, 2, . . . (61)
2. When η2θ = 1 the BPS solution beomes a
uxon, a onguration whih is regular only in
the nonommutative ase. The magneti eld
of a typial uxon solution takes the form
B ∼ 1√
θ
exp(r2/θ) −−→
θ→0 δ
(2)(x) (62)
3. There exist non-BPS solutions in the whole
range of θ but
(a) Only for θ < 1 they are smooth deforma-
tions of the ommutative ones.
(b) For θ → 1 they tend to the uxon BPS
solution.
() For θ > 1 they oinide with the non-BPS
uxon solution.
NONCOMMUTATIVE INSTANTONS
The well-honored instanton equation
Fµν = ±F˜µν (63)
was studied in the nonommutative ase by Nekrasov and
Shwarz [9℄ who showed that even in the U(1) ase one
an nd nontrivial instantons. The approah followed
in that work was the extension of the ADHM onstru-
tion, suessfully applied to the systemati onstrution
of instantons in ordinary spae, to the nonommutative
ase. This and other approahes were disussed in [29℄-
[38℄. Here we shall desribe the methods developed in
[31℄,[35℄.
We work in four dimensional spae where one an al-
ways hoose
θ12 = −θ21 = θ1
θ34 = −θ43 = θ2
all other θ′s = 0
We dene dual tensors as
F˜µν =
1
2
√
g εµναβF
αβ
(64)
with g the determinant of the metri.
In order to work in Fok spae as we did in the ase
of nonommutative vorties, we now need two pairs of
reation annihilation operators,
x1 ± ix2 ⇒ aˆ1, aˆ †1
x3 ± ix4 ⇒ aˆ2, aˆ †2
and the Fok vauum will be denoted as |00〉. Conerning
projetors the onnetion with onguration spae takes
the form
|n1n2〉〈n1n2| ⇒ exp
(−r21/θ1 − r22/θ2)Ln1 (2r21/θ1)×
Ln2
(
2r22/θ2
)
(65)
Finally, note that the gauge group SU(2) (for whih or-
dinary instantons were originally onstruted) should be
replaed by U(2) so that
Aµ = A
a
µ
σa
2
+A4µ
I
2
(66)
Let us now analyze how the dierent ansatz leading to
ordinary instantons an be adapted to the nonommuta-
tive ase.
1- (Commutative)'t Hooft multi-instanton ansatz (1976)
Aµ(x) = Σ˜µνjν
Σ˜µν =
1
2
η¯aµνσ
a , η¯aµν =


εaµν , µ, ν 6= 4
δaµ , ν = 4
−δaν , µ = 4
jν = φ
−1∂νφ
Here σa are the Pauli matries ('t Hooft ansatz orre-
sponds to an SU(2) gauge theory). With this ansatz,
the instanton selfdual equation beomes
Fµν = F˜µν ⇒ 1
φ
∇φ = 0 (67)
with
φ = 1 +
N∑
i=1
λ2i
(x− ci)2 , ∇φ =
N∑
i=1
δ(4)(x− ci) (68)
7The solution orresponds to a regular instanton of topo-
logial harge Q = N .
2- Nonommutative version of 't Hooft ansatz
The natural way of extending 't Hooft ansatz is to
proeed with the hanges
jν = φ
−1∂νφ ⇒ jν = φ−1 ∗ ∂νφ+ ∂νφ ∗ φ−1
Aaµ
σa
2
= Σ¯µνjν ⇒ Aaµ
σa
2
= Σ¯µνjν (69)
A4µ = −i
(
φ−1 ∗ ∂νφ− ∂νφ ∗ φ−1
)
(70)
With this we see that the Poisson equation (68) for ordi-
nary instantons hanges aording to
1
φ
∇φ = 0 ⇒ φ−1 ∗ ∇φ ∗ φ−1 = 0
∇φ = δ(4)(x)⇒ ∇φ = λ
2
θ1θ2
|00〉〈00| (71)
One then gets, for the eld strengths,
F = F˜ + |00〉〈00| (72)
We see that the self-dual equation is not exatly satised:
the |00〉〈00| term, the analogous to the delta funtion in
the ordinary ase, is not anelled as it happened with
the delta funtion soure for the Poisson equation (67) in
the ommutative ase.
3- Nonommutative BPST (Q = 1) ansatz (1975)
The pioneering Belavin, Polyakov, Shwarz and Tyup-
kin ansatz [39℄ leading to the rst Q = 1 instanton solu-
tion was similar to the 't Hooft ansatz exept that Σµν
was used instead of its dual Σ˜µν . Its nonommutative
extension an be envisaged as
Aaµ
σa
2
= Σµνjν ⇒ Aaµ
σa
2
= Σµνjν (73)
where jν is dened as in the previous ansatz. Conerning
A4µ, the onsistent ansatz hanges due to the use of Σµν
instead of its dual as in the 't Hooft ansatz. One needs
now, instead of (70),
A4µ = i
(
φ−1 ∗ ∂νφ+ 3∂νφ ∗ φ−1
)
(74)
With this, one nally has
Fµν = F˜µν , Q = S = 1 (75)
but, due to the neessity of the onsistent ansatz for the
A4µ omponent, one an see that
Fµν 6= F †µν (76)
and hene the prie one is paying in order to have a self-
dual eld strength is its non-hermitiity. Note however
that the ation and the topologial harge are real.
4- (Commutative) Witten ansatz (1977)
The lue in this ansatz [40℄ is to redue the four di-
mensional problem to a two dimensional one through
an axially symmetri N-instanton ansatz. That is, one
passes from 4 dimensional Eulidan spae to 2 dimen-
sional spae, (x1, x2, x3, x4 → r, t) but this last with a
nontrivial metri gij = r2δij , i, j = 1, 2.
The axially symmetri ansatz for the gauge eld om-
ponents is
~Ar = Ar(r, t)~Ω(ϑ, ϕ)
~At = At(r, t)~Ω(ϑ, ϕ)
~Aϑ = φ1(r, t)∂ϑ~Ω(ϑ, ϕ)
+ (1 + φ2(r, t)) ~Ω(ϑ, ϕ) ∧ ∂ϑ~Ω(ϑ, ϕ)
~Aϕ = φ1(r, t)∂ϕ~Ω(ϑ, ϕ)
+ (1 + φ2(r, t)) ~Ω(ϑ, ϕ) ∧ ∂ϕ~Ω(ϑ, ϕ) (77)
with
~Ω(ϑ, ϕ) =

 sinϑ cosϕsinϑ sinϕ
cosϑ


(78)
With this ansatz, the selfduality instanton equation
(63) beomes a pair of BPS equations for vorties in
urved spae
Fµν = F˜µν →
{ 1√
g
Fzz¯ = |φ|2 − 1
Dzφ = 0
(79)
where φ = φ1 + iφ2 and z = t + ir. Solving these BPS
vortex equations then redues to nding the solution of a
Liouville equation. In this way an exat axially symme-
try N-instanton solution was onstruted in [40℄ for the
(ommutative)SU(2) theory.
4-Nonommutative version of Witten ansatz
To proeed, one needs a nonommutative setting for
urved 2-dimensional spae, where θ an in priniple de-
pend on x,
[xi, xj ] = θij(x) (80)
Now, handling suh a ommutator is not trivial sine not
all funtions θij(x) will guarantee a nonommutative but
assoiative produt.
One an see, however, that assoiativity an be
ahieved whenever
∇iθij = 0 (81)
In the present 2 dimensional ase, these equations have
as solution
θij = θ0
εij√
g
(82)
8with θ0 a onstant. Then, given the metri in whih the
instanton problem with axial symmetry redues to a vor-
tex problem we see that an assoiative nonommutative
produt should take the form
[r, t] = r2θ0 ; all other [., .] = 0 (83)
with now r and t dening the two dimensional variables
in urved spae. A further simpliation ours after the
observation that
r ∗ t− t ∗ r = r2θ0 ⇒ t ∗ 1
r
− 1
r
∗ t = θ0 (84)
Then, alling y1 = t and y2 = 1/r we have instead of (83)
the usual at spae Moyal produt and the Bogomol'nyi
equations take the form(
1− 1
2
(z + z¯)2
)
Dzφ =
(
1 +
1
2
(z + z¯)2
)
Dz¯φ(85)
iFzz¯ = 1− 1
2
[φ, φ¯]+ (86)
iFzz¯ = −1
2
[φ, φ¯] (87)
with z = y1 + iy2. We an at this point apply the Fok
spae method detailed above for onstruting vortex so-
lutions. In the present ase, onsisteny of eqs.(85)-(87)
imply
φ¯φ = 1 (88)
and hene the only kind of nontrivial ansatz should lead,
in Fok spae, to a salar eld of the form
φ =
∑
n=0
|n+ q〉〈n| (89)
where q is some xed positive integer. With this, it is
easy now to onstrut a lass of solutions analogous to
those previously found for vorties in at spae. It takes
the form
φ =
∑
n=0
|n+ q〉〈n|
Az = − i√
θ0
q−1∑
n=0
(√
n+ 1
) |n+ 1〉〈n|+
+
i√
θ0
∑
n=q
(√
n+ 1− q −√n+ 1
)
|n+ 1〉〈n|
(90)
One an trivially verify that ongurations (90) satisfy
eqs.(85)-(87) provided θ0 = 2. In partiular, both the
l.h.s. and r.h.s of eq.(85) vanish separately. The eld
strength assoiated to our solution reads, in Fok spae,
iFzz¯ = −1
2
(|0〉〈0|+ . . .+ |q − 1〉〈q − 1|) ≡ B (91)
or, in the original spherial oordinates
~Ftu = B(r)~Ω
~Fϑϕ = B(r) sin ϑ ~Ω
F 4tu = B(r)
F 4ϑϕ = B(r) sin ϑ (92)
As before, starting from (91) for B in Fok spae, we an
obtain the expliit form of B(r) in onguration spae in
terms of Laguerre polynomials, using eq.(65). Conern-
ing the topologial harge, it is then given by
Q =
1
32π2
tr
∫
d4xεµναβFµνFαβ
=
1
π
∫ 0
−∞
du
∫ ∞
−∞
dtB2 = 2TrB2 =
q
2
(93)
We thus see that Q an be in priniple integer or semi-
integer, and this for an ansatz whih is formally the same
as that proposed in [40℄ for ordinary spae and whih
yielded in that ase to an integer. The origin of this
dierene between the ommutative and the nonommu-
tative ases an be traed bak to the fat that in the
former ase, boundary onditions were imposed on the
half-plane and fored the solution to have an assoiated
integer number. In fat, if one plots Witten's vortex solu-
tion in ordinary spae in the whole (r, t) plane, the mag-
neti ux has two peaks and the orresponding vortex
number is even. Then, in order to parallel this treat-
ment in the nonommutative ase one should impose the
ondition q = 2N .
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